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Abstract
In this paper, we study the partial regularity of the general weak solution
uALNð0; T ; L2ðOÞÞ-L2ð0; T ; H1ðOÞÞ to the Navier–Stokes equations, which include the
well-known Leray–Hopf weak solutions. It is shown that there is a absolute constant e such
that for the weak solution u; if either the scaled local Lqð1pqp2Þ norm of the gradient of the
solution, or the scaled local Lqð1pqp10
3
) norm of u is less than e; then u is locally bounded.
This implies that the one-dimensional Hausdorff measure is zero for the possible singular
point set, which extends the corresponding result due to Caffarelli et al. (Comm. Pure Appl.
Math. 35 (1982) 717) to more general weak solution.
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1. Introduction
Let us consider the viscous incompressible ﬂuid ﬂow moving within the region O
of the three-dimensional space R3; which can be described by the following Navier–
Stokes equations:
@u
@t
 nDu þ ðu  rÞu ¼ rp þ f ;
div u ¼ 0
8<
: ð1:1Þ
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with homogeneous boundary conditions if the boundary is not empty, and the initial
conditions
uðx; 0Þ ¼ u0ðxÞ: ð1:2Þ
Here u ¼ ðu1ðx; tÞ; u2ðx; tÞ; u3ðx; tÞÞ and p ¼ pðx; tÞ denote the unknown velocity
vector ﬁeld and the scalar pressure, respectively, n is the viscosity, u0ðxÞ is the initial
velocity vector ﬁeld, and f ¼ ðf1ðx; tÞ; f2ðx; tÞ  f3ðx; tÞÞ is the external force with
div f ¼ 0: For simplicity, assume n ¼ 1:
For the initial value problem and initial boundary value problem to the Navier–
Stokes equations, the existence of global weak solutions was shown by Leray and
Hopf in their pioneering works [6,8] long ago. From that time on, much effort has
been made to establish the results on the uniqueness and regularity of weak
solutions. However, the two remarkable questions remain yet open. Till now, it is
not known whether or not a weak solution can develop singularities at ﬁnite time,
even for sufﬁciently smooth given initial data.
Thus, some efforts have been turned to study the partial regularity of the weak
solutions to the Navier–Stokes equations. The ﬁrst analysis about the possible
singular set was done by Leray. Following Caffarelli et al. [1], a point ðx; tÞ (or t) is
called singular point for a solution u to the Navier–Stokes equations, if and only if u
is not essentially bounded in any neighborhood of ðx; tÞ (or t). In [8], Leray showed
that the singularities, if exist, can occur at most on a set of time zero measure. In
[11–13], Scheffer began to develop the analysis about the possible singular points set,
and established various partial regularity results for a class of weak solutions.
Scheffer’s results showed that 12-dimensional Hausdorff measure is zero for the set of
the possible time singular points, and the 5
3
-dimensional Hausdorff measure is zero
for the set of possible space–time singular points, for the weak solution to the
Navier–Stokes equations. See also the interesting related works done by Foias and
Temam [3], Giga [4] and Sohr and von Wahl [14]. Later, Caffarelli et al. [1] improved
Scheffer’s analysis and showed that the one-dimensional Hausdorff measure is zero
for the set of the possible space–time singular points, for the suitable weak solution
to the Navier–Stokes equations, which essentially differ from the usual weak
solutions in that they should satisfy a generalized energy inequality and the pressure
needs some estimate. What is more important is their local regularity theorem, which
implies that, for any suitable weak solutions u to the Navier–Stokes equations, the
smallness of the scaled local L2-norm of gradient of u implies the local regularity of
u: The simpliﬁed proof of the main results was presented in [9]. Also see the related
works of Maremonti [10] in the case of the exterior domains, Grunau [5] in the case
of the velocity with prescribed value at inﬁnity, Struwe [15] in the case of ﬁve-
dimensional stationary Navier–Stokes equations.
Recently, Tian and Xin [17] also established the local regularity theory for the
suitable weak solution to the Navier–Stokes equations if any one of the following
assumptions hold: (1) either supt0r2ptot0
1
r
R
Brðx0Þ juðx; tÞj
2
dx or 1
r
R R
Qrðx0;t0Þ jruj
2
dx dt
is uniformly bounded and the scaled local total energy 1
r3
R R
Qrðx0;t0Þ juðx; tÞj
2
dx dt is
small and (2) 1
r2
R R
Qrðx0;t0Þ juðx; tÞj
3
dx dt is small. Here Brðx0Þ denotes the ball with
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radius r and center at x0; and Qrðx0; t0Þ denotes the parabolic ball with radius r and
center at ðx0; t0Þ; i.e.,
Qrðx0; t0Þ ¼ fðx; tÞjxABrðx0Þ; tAðt0  r2; t0Þg:
Let S be the set of possible space–time singular points, and S be the set of possible
time singular points, i.e., S ¼ ftAð0; TÞjðx; tÞAS for some xAOg; for weak solution
u: And let HaðDÞðaX0Þ be the a-dimensional Hausdorff measure for set D:
Therefore, it should be noted that H1=2ðSÞ ¼ 0 is valid for general weak solutions
(cf. [2,3,8,13,14]), while H1ðSÞ ¼ 0 is valid only for one class of special solution
named ‘suitable weak solution’ (cf. [1,5,9,10,15]). And it still is not clear whether the
suitable weak solution meets with the general weak solutions constructed by other
methods, due to the fact that the uniqueness is unknown for weak solutions till now.
Thus, it is not yet known whether H1ðSÞ ¼ 0 remain valid for general weak
solutions, including the well-known Leray–Hopf weak solutions.
The main purpose of this paper is to study the partial regularity for general weak
solutions to the Navier–Stokes equations, including the Leray–Hopf weak solution.
We will show that H1ðSÞ ¼ 0 remains valid for more general weak solution u in
LNð0; T ; L2ðOÞÞ-L2ð0; T ; H10 ðOÞÞ: Then, we extend Caffarelli, Kohn and Niren-
berg’s result to the general weak solution u: Moreover, our argument is much simple
by applying the interior regularity criteria obtained by Takahashi [16].
The paper is organized as follows: in Section 2, we state our main results and some
remarks. In Section 3, we give some mathematical preliminaries. In Section 4, we
complete the proofs of our results.
2. The main results
In this section, we introduce the deﬁnitions of weak solution and singular point for
weak solutions, then state our main results in this paper. First, a weak solution of
(1.1) in an set O ð0; TÞCR3  Rþ can be deﬁned as follows.
Deﬁnition 1. A vector u is called a weak solution of (1.1) in O ð0; TÞ; if
(1) uALNð0; T ; L2ðOÞÞ-L2ð0; T ; H10 ðOÞÞ;
(2) u and p satisfy (1.1) in the sense of distributions on O ð0; TÞ; i.e.,
Z T
0
Z
O
uðx; tÞ@fðx; tÞ
@t
þruðx; tÞ  rfðx; tÞ

ðuðx; tÞ  rÞfðx; tÞ  uðx; tÞg dx dt
¼
Z
O
u0ðxÞfðx; 0Þ dx þ
Z T
0
Z
O
fpðx; tÞdiv fðx; tÞ þ f ðx; tÞfðx; tÞg dx dt
for any fACN0 ðO ½0; TÞÞ;
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(3) div u ¼ 0 in the sense of distribution, i.e.,
Z
O
uðx; tÞrcðxÞ dx ¼ 0
for every cACN0 ðOÞ:
Deﬁnition 2. A point ðx; tÞ is said to be singular for a solution uðx; tÞ to the Navier–
Stokes equations if and only if u is not LNloc in any neighborhood of ðx; tÞ: The
remaining point, where u is locally essentially-bounded, are called regular. Let
SðCO ð0;þNÞÞ denote the set of all possible space–time singular points for weak
solution u:
Now we can state our main results in this paper.
Theorem 1. Let fALq0locðO RþÞ for some q0X5: Assume u is a weak solution to the
Navier–Stokes equations. Then there is an absolute constant e such that if the following
condition hold for some pA½1; 10
3
:
lim
r-0þ
1
r5p
Z Z
Qrðx0;t0Þ
jujp dx dtoþ e; ð2:1Þ
then ðx0; t0Þ is a regular point of u.
Theorem 2. Let fALq0locðO RþÞ with some q0X5: Assume u is a weak solution to the
Navier–Stokes equations. Then there is an absolute constant e such that if the following
condition hold for some pA½1; 2:
lim
r-0þ
1
r52p
Z Z
Qrðx0;t0Þ
jrujp dx dtoþ e; ð2:2Þ
then ðx0; t0Þ is a regular point of u.
By a standard covering argument (cf. [1]), Theorem 2 implies the local partial
regularity result for general weak solutions.
Theorem 3. Let fALq0locðO ð0; TÞÞ with some q0X5: Let u be any weak solution in
LNð0; T ; L2ðOÞÞ-L2ð0; T ; H10 ðOÞÞ: Then the one-dimensional Hausdorff measure is
zero for the possible singular points set S related to weak solution u.
An immediate consequence of the theorems is the following corollary, which is
about the characterization of removable singularities of weak solutions and suitable
weak solutions.
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Corollary 1. Assume that u is a weak solution of (1.1) on O ð0; TÞ; and fALq0locðO
RþÞ for some q0X5: If there is an absolute constant e and some neighborhood of
ðx0; t0Þ; QRðx0; t0Þ; such that
juðx; tÞjpeðjx  x0j þ jt  t0j
1
2Þ1 for any ðx; tÞAQRðx0; t0Þ  fðx0; t0Þg; ð2:3Þ
then ðx0; t0Þ is a regular point of u.
Corollary 2. Assume that u is a weak solution of (1.1) on O ð0; TÞ; and fALq0locðO
RþÞ for some q0X5: If there is an absolute constant e and some neighborhood of
ðx0; t0Þ; QRðx0; t0Þ; such that
juðx; tÞjpejx  x0jajt  t0j
1a
2 for any ðx; tÞAQRðx0; t0Þ  fðx0; t0Þg ð2:4Þ
for some aAð0; 1Þ; then ðx0; t0Þ is a regular point of u.
Remarks. (1) The best partial regularity result was obtained by Caffarelli et al. [1].
But their result is valid only for special weak solution named ‘‘suitable weak
solution’’, which essentially differ from the usual weak solutions in that they should
satisfy a local energy inequality and the pressure needs some estimate. Here our
result is valid for any general weak solution in LNð0; T ; L2ðOÞÞ-L2ð0; T ; H1ðOÞÞ;
including the important Leray–Hopf weak solution.
(2) Tian and Xin [17] established the local regularity theory suitable weak solution
to the Navier–Stokes equations if any one of the following assumptions hold:
(1) either supt0r2ptot0
1
r
R
Brðx0Þ juðx; tÞj
2
dx or 1
r
R R
Qrðx0;t0Þ jruj
2
dx dt is uniformly
bounded and the scaled local total energy 1
r3
R R
Qrðx0;t0Þ juðx; tÞj
2
dx dt is small, (2)
1
r2
R R
Qrðx0;t0Þ juðx; tÞj
3
dx dt is small. Here our Theorem 1 simpliﬁes their assumptions.
Moreover, our argument is much simple or than those in [1,3,5,9,10,13,15,17].
(3) A kind of global weak solutions in LNð0; T ; L2ðOÞÞ-L2ð0; T ; H1ðOÞÞ was
constructed by Leray [8] and Hopf [6] for initial value problem and initial boundary
value problem under the assumption that u0AL2sðOÞ:
(4) Takahashi [16] showed that there is e40 such that
sup
xABRðx0Þ
juðx; tÞjpeðt0  tÞ1=2
for R2 þ t0otot0 implies uALNðQR=2Þ:
(5) Kozono [7] showed that there is absolute constant e such that every weak
solution u with suptAða;bÞ jjuðtÞjjL3wðDÞpe is necessarily of class CN in the space–time
variables on any compact subset of D  ða; bÞ; which implies that if the weak
solution u behaves around ðx0; t0ÞAO ð0; TÞ like uðx; tÞ ¼ oðjx  x0j1Þ as x-x0
uniformly in t in some neighborhood of t0; then ðx0; t0Þ is actually a removable
singularity of u: It is obvious that our corollaries also extend his result.
ARTICLE IN PRESS
C. He / Journal of Functional Analysis 211 (2004) 153–162 157
3. Main lemmas
In this section, we present the main lemmas which will be needed for the proofs of
our main results. First, we will need the following interior regularity criteria obtained
by Takahashi [16] for weak solution.
Lemma 3.1. Let fALq0locðO RþÞ for some q0X5: Assume that u is a weak solution to
(1.1) in O ð0; TÞ for some T40; such that for some R40 and ðx0; t0ÞAO ð0; TÞ
uALNðt0  R2; t0; L2ðBRðx0ÞÞÞ; ruAL2ðQRðx0; t0ÞÞ:
Then there exists a positive constant e1 ¼ e1ðpÞo1 such that for 3=q þ 2=p ¼ 1 and
q4n
uðx; tÞ ¼ u1ðx; tÞ þ u2ðx; tÞ
with u1ALNðQRðx0; t0ÞÞ and
sup
s40
sjftAðt0  R2; t0Þj jju2ð; tÞjjLqðBRðx0ÞÞ4sgj
1
ppe1 ð3:1Þ
implies
uALNðQR=4ðx0; t0ÞÞ and curl uALNðQR=4ðx0; t0ÞÞ: ð3:2Þ
See Theorem 3.2 in [16] for the case of u1  0 and f ¼ 0: But the arguments are
exactly same in the case of non-zero u1ALNðQRðx0; t0ÞÞ and fALq0ðQRÞ for some
q0X5:
Lemma 3.2. For some 1ppp10=3; if
lim
r-0þ
1
r5p
Z Z
Qrðx0;t0Þ
juðx; tÞjp dx dtoe; ð3:3Þ
then there is a constant r140 such that
juðx; tÞjpCed1ðx; tÞ for any ðx; tÞAQrðx0; t0Þ  fðx0; t0Þg ð3:4Þ
for any 0orpr1: Here dðx; tÞ ¼ jx  x0j þ jt  t0j1=2:
Proof. Assumption (3.3) implies that there is a r240; such that for any 0orpr2;
1
r5p
Z Z
Qrðx0;t0Þ
juðx; tÞjp dx dtp2e: ð3:5Þ
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Let vaðx; tÞ ¼ d1þaðx; tÞuðx; tÞ with a40; and
vaQr ¼
1
jQrj
Z Z
Qr
vaðx; tÞ dx dt:
Then for any 0oror2;
Z Z
Qr
jva  vaQr j dx dtp jQrj
p1
p
Z Z
Qr
jva  vaQr j
p
dx dt
 1
p
pCr
5ðp1Þ
p jjvajjLpðQrÞ
pCer5þa:
Thus vaðx; tÞ is Ho¨lder continuous at ðx0; t0Þ with exponent a: We claim that
lim
ðx;tÞ-ðx0;t0Þ
vaðx; tÞ ¼ 0: ð3:6Þ
In fact, let 0oboa: So vbðx; tÞ is Ho¨lder continuous with exponent b at ðx0; t0Þ:
Thus, limðx;tÞ-ðx0;t0Þ v
bðx; tÞ is well deﬁned, and the limit is ﬁnite. Therefore, (3.6)
follows from the fact
vaðx; tÞ ¼ dab  vbðx; tÞ:
By the deﬁnition of Ho¨lder continuity and (3.6), there is r1pr2; such that for any
ðx; tÞAQrðx0; t0Þ with rpr1
jdðx; tÞuðx; tÞjp sup
ðx;tÞAQrðx0;t0Þfðx0;t0Þg
jd1þauðx; tÞj
da
pCe:
Which implies our result. &
Similarly, we have
Lemma 3.3. If for some pA½1; 2
lim
r-0þ
1
r52p
Z Z
Qrðx0;t0Þ
jruðx; tÞjp dx dtoe; ð3:7Þ
then there is r140 such that
jruðx; tÞjpCed2ðx; tÞ for any ðx; tÞAQrðx0; t0Þ  fðx0; t0Þg ð3:8Þ
for any 0orpr1:
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4. Proofs of Theorems
We complete the proofs of our main results in this section.
Proof of Theorem 1. Assume the conditions of Theorem 1 hold. From Lemma 3.2,
there is a r140 such that
juðx; tÞjpCed1ðx; tÞ for any ðx; tÞAQrðx0; t0Þ  fðx0; t0Þg ð4:1Þ
for any 0orpr1: Direct calculations show that
jjuð; tÞjjL5ðBr1 ðx0ÞÞpCe
1
t1=5
ð4:2Þ
for any tAðt0  r21; t0Þ: Therefore,
sup
s40
sjftAðt0  r21; t0Þj jjuð; tÞjjL5ðBRðx0ÞÞ4sgj
1
5pCe: ð4:3Þ
Let Ceoe1; By applying Lemma 3.1 as u ¼ u2; it follows that
uALNðQr1=4ðx0; t0ÞÞ and curl uALNðQr1=4ðx0; t0ÞÞ: ð4:4Þ
Therefore, ðx0; t0Þ is a regularity point for weak solution u: &
Proof of Theorem 2. Assume the conditions of Theorem 2 hold. From Lemma 3.3,
there is an r140 such that
jruðx; tÞjpCed2ðx; tÞ for any ðx; tÞAQrðx0; t0Þ  fðx0; t0Þg ð4:5Þ
for any 0orpr1: Direct calculations show that
jjruð; tÞjjL5=2ðBr1 ðx0ÞÞpCe
1
t2=5
ð4:6Þ
for any tAðt0  r21; t0Þ: Therefore,
sup
s40
sjftAðt0  r21; t0Þj jjruð; tÞjjL5=2ðBr1 ðx0ÞÞ4sgj
2
5pCe: ð4:7Þ
Let 0orpr1 and fACN0 ðBrðx0ÞÞ be the cut-off function such that 0pfp1; f  1
for xAB2r=3ðx0Þ and jrfjpC=r: Then
fuðx; tÞ ¼  3
4p
Z
R3
1
jx  yjDðfðyÞuðy; tÞÞ dy
¼  3
4p
Z
R3
ðx  y  rÞuðy; tÞ
jx  yj3 fðyÞ dy 
3
4p
Z
R3
ðx  y  rfðyÞÞ
jx  yj3 juðy; tÞj dy
¼ u2ðx; tÞ þ u1ðx; tÞ: ð4:8Þ
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For xABr=2ðx0Þ; it is obvious that
ju1ðx; tÞjpCr3
Z
Brðx0Þ
juðy; tÞj dypCr3=2jjuð; tÞjjL2ðBrðx0ÞÞpCr3=2: ð4:9Þ
By the Hardy–Littlewood–Sobolev inequality, we have
sup
s40
sjftAðt0  r2=4; t0Þj jju2ð; tÞjjL15ðBr=2ðx0ÞÞ4sgj
2
5
pC sup
s40
sjftAðt0  r2; t0Þj jjruð; tÞjjL5=2ðBr=2ðx0ÞÞ4sgj
2
5pCe: ð4:10Þ
Let Cepe1: Then from (4.9) and(4.10), Lemma 3.1 implies that for 0orpr1
uALNðQr=4ðx0; t0ÞÞ and curl uALNðQr=4ðx0; t0ÞÞ: ð4:11Þ
Therefore, ðx0; t0Þ is a regularity point for weak solution u: &
Proof of Corollaries 1 and 2. Direct calculations show that (2.3) or (2.4) implies that
for any rAð0; R
1
r4
Z Z
Qrðx0;t0Þ
juðx; tÞj dx dtpCe ð4:12Þ
for some constant C: Therefore, Theorem 1 implies the results of Corollaries 1
and 2. &
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